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ρxy
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⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
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σint
xy ≡ e2h̵

ˆ

d3k

(2π)3 Im ∑
n≠m

⟨ψnk∣v̂x∣ψmk⟩⟨ψmk∣v̂y ∣ψnk⟩(εnk − εmk)2 ,

v̂ εnk

ni

σint
xy ∝ n0

i .

εnk εmk
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n0
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σAHE
xy = σsk
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xy),-------------------------.--------------------------/O(n0

i )
⇔ σsj
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σ = ρ−1

σ =
⎛⎜⎜⎜⎝
σxx σxy 0
−σxy σxx 0

0 0 σzz

⎞⎟⎟⎟⎠
, ρ =

⎛⎜⎜⎜⎝
ρxx ρxy 0
−ρxy ρxx 0

0 0 ρzz

⎞⎟⎟⎟⎠
= 1
σ2

xx + σ2
xy

⎛⎜⎜⎜⎝
σxx −σxy 0
σxy σxx 0

0 0 σ2
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σzz

⎞⎟⎟⎟⎠
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σxy

σxx
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σ2
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≈ 1
σxx

,

ρxy = −σxy

σ2
xx + σ2

xy
≈ −σxy

σ2
xx
= −σxyρ

2
xx.

ρxy = ρordinary
xy + ρAHE

xy

ρxx

ρordinary
xy ρxy

ρxx

ρordinary
xy ∝Hz, O(ρ0

xx).
ρAHE

xy Mz

ρAHE
xy ∝ ρ2

xx σxy

ρAHE
xy ∝ ρxx

σxy ∝ 1/ρxx σxy ∝ σxx

ρAHE
xy ∝M,

⎧⎪⎪⎨⎪⎪⎩
O(ρ2

xx)⇒ σxy = const., ,

O(ρxx)⇒ σxy ∝ σxx, .

ρxy ρxx β

ρxy ∝ ρβxx

ρxx
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xx ⇔ ρAHE
xy /ρxx = a + bρxx,

a b T ρxx T
a

b
ρAHE

xy /ρxx ρxx
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h̵ = 1
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V, T N µ, Ĥ
ρ̂eq

V
T

N

µ

Ĥ

ρ̂eq

∣ψn⟩
Ĥ ∣ψn⟩ = En∣ψn⟩,

∣ψn⟩ N

ρ̂eq =∑
n

pn∣ψn⟩⟨ψn∣,

!A
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pn ∣ψn⟩
T pn exp [−β(En − µN)] β = 1/(kBT )

En ∣ψn⟩

pn = ⟨ψn∣ρ̂eq∣ψn⟩ = e−β(En−µN) ⇒
⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρ̂eq = 1

Z
e−β(Ĥ−µN),

Z = Tr e−β(Ĥ−µN).
Z

Tr ρ̂eq = 1
Ô

⟨Ô⟩eq = 1
Z
∑
n

e−β(En−µNn)⟨ψn∣Ô∣ψn⟩ = Tr ρ̂eqÔ.

Ĥext(t) t = −∞
E

A φ
Ĵ

Ĥ ′(t) = Ĥ + Ĥext(t)
E(r, t) = −1

c Ȧ(r, t) −∇φ(r, t)
⟨Ô⟩t ≡ Tr ρ̂(t)Ô ⇒ ⟨Ĵ⟩t = Tr ρ̂(t)Ĵ

⟨Ô⟩t t
ρ̂(t)

i∂t∣ψn(t)⟩ = Ĥ ′(t)∣ψn(t)⟩,
pn

˙̂ρ(t) =∑
n

pn {−iĤ ′(t)∣ψn(t)⟩⟨ψn(t)∣ + i∣ψn(t)⟩⟨ψn(t)∣Ĥ ′(t)}
= −i[Ĥ ′(t), ρ̂(t)].

ρ̂(t) ρ̂eq⟨δÔ⟩t Ô

⟨δÔ⟩t ≡ ⟨Ô⟩t − ⟨Ô⟩eq, ⇔ ⟨Ô⟩t = ⟨Ô⟩eq + ⟨δÔ⟩t.

f(r, r′)
f(r, r′) ≡ f(r−r′)
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δ δ

1
V ∑k eik⋅r = δ(r), 1

V
ˆ

d3r e−ik⋅r = δk,0.

C(r) = ´ d3r′ f(r, r′)g(r′) f(r, r′)
g(r) C(r)

C(r) Ck

C(r) = ˆ d3r′ f(r − r′)g(r′) = 1
V2 ∑

kk′

ˆ

d3r′ fkeik⋅(r−r′)gk′eik′⋅r′ = 1
V ∑k fkgkeik⋅r,

Ck =
ˆ

d3r e−ik⋅rC(r) = 1
V ∑k′

ˆ

d3r e−i(k−k′)⋅rfk′gk′ = fkgk.

C(r)
Ck

f(r) g(r)

2I,I, \=%)*$")& @# )%*> *#. )%+@=)"+*> &=*+%

Ĥ ′(t) = Ĥ + Ĥext(t).
t→ −∞ Ĥ ′(−∞) = Ĥ

Ĥext(t)
E(r, t) = −1

c Ȧ(r, t) − ∇φ(r, t)
φ ≡ 0

A

lim
t→−∞A(r, t) = 0,

E(r, t) = −1
c
Ȧ(r, t).

N
e = −∣e∣ r

Ĵ(r, t) = e

2

N∑
i=1 v̂i(r)δ(r − r̂i) + δ(r − r̂i)v̂i(r).

i

v̂i(r) = 1
m

(p̂i − e

c
A(r, t)δ(r − r̂i)) .

A
Ĵpara Ĵdia
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ĵ
A

Ĵ = Ĵpara + Ĵdia,

Ĵpara(r) = e

2m

N∑
i=1{p̂iδ(r − r̂i) + δ(r − r̂i)p̂i} ≡ ĵ(r),

Ĵdia(r, t) = − e2

mc

N∑
i=1A(r, t)δ(r − r̂i) ≡ − e2

mc
A(r, t)n̂(r).

n̂(r) = N∑
i=1 δ(r − r̂i).

ĵ {∣r⟩} {∣k⟩}

⟨r∣k⟩ = 1√V eik⋅r,

1/√V ⟨r′∣r⟩ = δ(r−r′)⟨k′∣k⟩ = δkk′ 1 = ´ d3r ∣r⟩⟨r∣ =
∑k ∣k⟩⟨k∣ ĵ

⟨k′∣δ(r − r̂)∣k⟩ = ˆ d3r′
ˆ

d3r′′ ⟨k′∣r′⟩⟨r′∣δ(r − r̂)∣r′′⟩⟨r′′∣k⟩
= ˆ d3r′

ˆ

d3r′′ ⟨k′∣r′⟩δ(r − r′′)δ(r′ − r′′)⟨r′′∣k⟩
= ⟨k′∣r⟩⟨r∣k⟩ = 1

V ei(k−k′)⋅r

⟨k′∣p̂δ(r − r̂) + δ(r − r̂)p̂∣k⟩ = (k′ + k)⟨k′∣δ(r − r̂)∣k⟩ = 1
V (k′ + k)ei(k−k′)⋅r.

ak ak
σ

ĵ

ĵ(r) = e

2m
∑
σ
∑
kk′

⟨k′∣p̂δ(r − r̂) + δ(r − r̂)p̂∣k⟩a
k′σakσ

= e

2mV ∑σ ∑kk′
(k + k′)ei(k−k′)⋅ra

k′σakσ

= e

2mV ∑σ ∑kq

(2k − q)eiq⋅rak−q,σakσ

= 1
V ∑q eiq⋅rĵq,
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ĵ(r)
ĵq = e

2m
∑
kσ

(2k − q)ak−q,σakσ.

q → 0 k⟨k′∣p̂∣k⟩ = kδk,k′ q = 0
v̂ = p̂/m

lim
q→0

ĵq = ev̂ = e

m
∑
kσ

kakσakσ.

Ĥext

Ĵ

Ĥext(t) = −1
c

ˆ

d3r Ĵ(r, t)A(r, t)
= −1

c

ˆ

d3r ĵ(r)A(r, t) + e2

mc2

ˆ

d3rA(r, t)n̂(r)A(r, t).
r A Ĥext(t) = F (t)B̂

F (t) B̂

Ĥext(t) = −1
c

1
V2

ˆ

d3r∑
kk′

ei(k+k′)⋅rĴk(t)Ak′(t)
= − 1

cV ∑k Ĵk(t)A−k(t).
t ω

Ek(ω) =
ˆ ∞
−∞ dt ei(ω+iη)t ˆ d3r e−ik⋅rE(x, t)

= −1
c

ˆ ∞
−∞ dt ei(ω+iη)tȦk(t)

= −1
c
ei(ω+iη)tAk(t)∣∞−∞ + iω

c

ˆ ∞
−∞ dt ei(ω+iη)tAk(t)

= iω

c
Ak(ω).

η
t → +∞ t → −∞

2I,I2 8_/@>@()@/: 7*:@>$"#@*#
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Ĥ = Ĥ0 + V̂ ,

Ĥ0 = ∑kσ εkakσakσ V̂
Ni Rj

V̂ = Ni∑
j=1 v(r̂ −Rj).

V̂

⟨k′∣V̂ ∣k⟩ = ˆ d3r

ˆ

d3r′ ⟨k′∣r⟩⟨r∣V̂ ∣r′⟩⟨r′∣k⟩
= 1
V
ˆ

d3r e−i(k′−k)⋅r
Ni∑
j=1 v(r −Rj)

= 1
V

Ni∑
j=1
ˆ

d3r e−i(k′−k)⋅Rje−i(k′−k)⋅(r−Rj)v(r −Rj)
= Ni∑

j=1 e−i(k′−k)⋅Rjvk′−k,

V̂ =∑
σ
∑
kk′

⟨k′∣V̂ ∣k⟩a
k′σakσ =∑

σ
∑
kk′

Ni∑
j=1 e−i(k′−k)⋅Rj vk′−k a

k′σakσ.

Ĥ = Ĥ0 + V̂ =∑
kσ

εkakσakσ +∑
σ
∑
kq

Ni∑
j=1 e−iq⋅Rj vq ak+q,σakσ.

Ĥ akσ
akσ

2I2 D@#%*) )%&="#&% $4%")5

Ĥext(t) = F (t)B̂,
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A
ρ̂(t) ρ̂eq

Ô(t)H = eiĤtÔe−iĤt.

Ô
ρ̂(t)H

˙̂ρ(t)H = ∂
∂t

{eiĤtρ̂(t)e−iĤt}
= eiĤt {iĤρ̂(t) + ˙̂ρ(t) − iρ̂(t)Ĥ} e−iĤt

= eiĤt {iĤρ̂(t) − iĤ ′(t)ρ̂(t) + iĤ ′(t)ρ̂(t) − iρ̂(t)Ĥ} e−iĤt

= −ieiĤt[F (t)B̂, ρ̂(t)]e−iĤt

= −iF (t)[B̂(t)H , ρ̂(t)H].

ρ̂(t)H = ρ(−∞)H +
ˆ t

−∞ dt′ ˙̂ρ(t′)H
= ρ̂eq − i

ˆ t

−∞ dt′ [B̂(t′)H , ρ̂(t′)H]F (t′)
≈ ρ̂eq − i

ˆ t

−∞ dt′ [B̂(t′)H , ρ̂eq]F (t′) +O(F ).
F (t)

ρ̂eq

ρ̂(t) = e−iĤtρ̂eqe
iĤt − ie−iĤt

ˆ t

−∞ dt′ [B̂(t′)H , ρ̂eq]F (t′)eiĤt

= ρ̂eq − i

ˆ t

−∞ dt′ [B̂(t′ − t)H , ρ̂eq]F (t′),
Â

⟨Â⟩t = Tr ρ̂(t)Â
= ⟨Â⟩eq − i

ˆ t

−∞ dt′ Tr Â[B̂(t′ − t)H , ρ̂eq]F (t′).

Tr Â[B̂, Ĉ] = Tr Â(B̂Ĉ − ĈB̂) = Tr(ÂB̂Ĉ − B̂ÂĈ)
= Tr[Â, B̂]Ĉ



4M 4" g$)+9; +< &$) 5/6

ρ̂eq Ĥ

Tr ÂB̂(t′ − t)H ρ̂eq = Tr ÂeiĤ(t′−t)B̂e−iĤ(t′−t)ρ̂eq

= Tr e−iĤ(t′−t)ÂeiĤ(t′−t)B̂ρ̂eq = Tr Â(t − t′)HB̂ρ̂eq,

⟨Â⟩t = ⟨Â⟩eq − i

ˆ t

−∞ dt′ Tr[Â(t − t′)H , B̂]ρ̂eqF (t′)
= ⟨Â⟩eq − i

ˆ ∞
−∞ dt′Θ(t − t′)⟨[Â(t − t′)H , B̂]⟩eqF (t′).

Θ(t − t′)
Θ(t − t′) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 t′ < t,

0 t′ > t.

⟨δÂ⟩t = ⟨Â⟩t−⟨Â⟩eq

⟪ÂB̂⟫(t) ≡ −iΘ(t)⟨[Â(t)H , B̂]⟩eq, ⇔ ⟨δÂ⟩t =
ˆ ∞
−∞ dt′ ⟪ÂB̂⟫(t − t′)F (t′).

⟨δÂ⟩(ω) = ⟪ÂB̂⟫(ω)F (ω),

⟨Â⟩(ω) = ⟨Â⟩eq(ω) + ⟨δÂ⟩(ω) = ⟨Â⟩eq(ω) + ⟪ÂB̂⟫(ω)F (ω).

O(F )

2I2I, V/(" 6"):/>* 6") $4% +"#./+0U@$5

Ĵ

Ĵ(r, t) = ĵ(r) − e2

mc
A(r, t)n̂(r).

ĵ
n̂ n

⟨Ĵ(r, t)⟩eq = ⟨̂j(r)⟩eq − e2

mc
A(r, t)⟨n̂(r)⟩eq = −ne2

mc
A(r, t),

⟨Ĵk⟩eq(ω) =
ˆ ∞
−∞ dt eiωt

ˆ

d3r e−ik⋅r⟨Ĵ(r, t)⟩eq = −ne2

mc
Ak(ω).
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Ĥext A

Ĥext(ω) = − 1
cV ∑k′ ĵk′A−k′(ω) +O(A

2).
Ĥext(ω) Ĥext(ω) = ∑k′ Fk′(ω)B̂k′

F (ω) → Fk′(ω) B̂ → B̂k′
k′ Ĵ

Â→ Ĵk B̂ → ĵk′ F (ω)→ −1/(cV)A−k′(ω)
Ak

Ĵk Ĥext(ω)
⟨Ĵk⟩(ω) = −ne2

mc
Ak(ω) − 1

cV ∑k′ ⟪ĵkĵk′⟫(ω)A−k′(ω) +O(A
2).

r− r′

⟪j(r)j(r′)⟫ = 1
V2 ∑

kk′
eik⋅reik′⋅r′⟪jkjk′⟫

= 1
V2 ∑

kk′
eik⋅(r−r′)ei(k′+k)⋅r′⟪jkjk′⟫.

r− r′ k = −k′
r′

⟪ĵkĵk′⟫∝ δk,−k′ .
f(r, r′) = ⟪j(r)j(r′)⟫

r − r′

f(r, r′) = 1
V2 ∑

kk′
eik⋅reik′⋅r′fk,k′

!= f̃(r − r′) = 1
V ∑k eik⋅(r−r′)f̃k,

⇒ fk,k′ = ⟪jkjk′⟫ = Vδk,−k′ f̃k = Vδk,−k′⟪jkj−k⟫.
A E

⟨Ĵk⟩(ω) = i
ne2

mω
Ek(ω) − 1

iω
⟪ĵkĵ−k⟫(ω)Ek(ω).

⟨Ĵα⟩(ω) =∑
β

σαβ(ω)Eβ(ω),
σαβ(k, ω) = i

ne2

mω
δαβ − 1

iω
⟪ĵα(k)ĵβ(−k)⟫(ω).
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σαβ = lim
ω→0

lim
k→0

σαβ(k, ω).
ω → 0 k ≠ 0

k→ 0
ĵ ω → 0 ine2/(mω)

Παβ(k, t)
Παβ(k, t) = ⟪ĵα(k)ĵβ(−k)⟫(t) = −iΘ(t)⟨[ĵα(k, t)H , ĵβ(−k,0)]⟩eq,

Παβ(k, ω) = ˆ ∞−∞ dt eiωtΠαβ(k, t).
σαβ

σαβ = Re [lim
ω→0

lim
k→0

σαβ(k, ω)] = −Re [lim
ω→0

lim
k→0

1
iω

Παβ(k, ω)] = − lim
ω→0

lim
k→0

1
ω

ImΠαβ(k, ω).

Παβ(k, ω)

2I1 !"))%>*0"# 6/#+0"#&

CR
AB(t) = −iΘ(t)⟨[Â(t)H , B̂]∓⟩eq,

CA
AB(t) = iΘ(−t)⟨[Â(t)H , B̂]∓⟩eq.

Â, B̂ − Â, B̂+
c, c , c cc, ccc, . . . ,

c c, c c , cccc, . . . ,

[Â, B̂]− = [Â, B̂] = ÂB̂ − B̂Â ,

[Â, B̂]+ = {Â, B̂} = ÂB̂ + B̂Â .

⟨. . .⟩eq
eq

⟨Â⟩ ≡ ⟨Â⟩eq.
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Ĥ → Ĥ − µN, ρ̂eq → 1
Z

e−βĤ .

{∣n⟩}
Ĥ

Ĥ ∣n⟩ = En∣n⟩, ρn ≡ ρ̂eq∣n⟩ = 1
Z

e−βEn , Anm = ⟨n∣Â∣m⟩.
1 = ∑n ∣n⟩⟨n∣

⟨[Â(t)H , B̂]∓⟩ = 1
Z

Tr{e−βĤeiĤtÂe−iĤtB̂ ∓ e−βĤB̂eiĤtÂe−iĤt}
= 1

Z
∑
nm

{e−βEnAnmBmnei(En−Em)t ∓ e−βEnBnmAmnei(Em−En)t}
=∑

nm
ρn {AnmBmnei(En−Em)t ∓BnmAmnei(Em−En)t} ,

CR
AB(ω) = −i

ˆ ∞
−∞ dt ei(ω+iη)tΘ(t)⟨[Â(t)H , B̂]∓⟩ = −i

ˆ ∞
0

dt ei(ω+iη)t⟨[Â(t)H , B̂]∓⟩
=∑

nm
ρn { AnmBmn

En −Em + ω + iη
∓ BnmAmn

Em −En + ω + iη
} ,

CA
AB(ω) = i

ˆ ∞
−∞ dt ei(ω−iη)tΘ(−t)⟨[Â(t)H , B̂]∓⟩ = i

ˆ 0

−∞ dt ei(ω−iη)t⟨[Â(t)H , B̂]∓⟩
=∑

nm
ρn { AnmBmn

En −Em + ω − iη
∓ BnmAmn

Em −En + ω − iη
} .

η ω
t →∞ η

ω
t → −∞ Â = B̂

CA
AB(ω) = CR

AB(ω)∗.

τ = it

Â(τ)H = eτĤÂe−τĤ .

Â(τ)H Â(t)H
CAB(τ) = −⟨Tτ Â(τ)HB̂⟩,
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Tτ

Tτ Â(τ)HB̂ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Â(τ)HB̂ τ > 0,

±B̂Â(τ)H τ < 0.

CAB(τ +β) = ±CAB(τ)
0 < τ < β

CAB(iωn) =
ˆ β

0
dτ eiωnτCAB(τ), CAB(τ) = 1

β
∑
n

e−iωnτCAB(iωn),
ωn

ωn =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
2πn/β Â, B̂ ,

(2n + 1)π/β Â, B̂ ,

n ∈ N exp (iβωn) = +1 exp (iβωn) = −1

CAB(iωn) = − 1
Z

ˆ β

0
dτ eiωnτ Tr e−βĤeĤτ Âe−Ĥτ B̂

= − 1
Z

ˆ β

0
dτ eiωnτ ∑

mm′
e−βEme(Em−Em′)τAmm′Bm′m

= − 1
Z
∑

mm′
e−βEm

Amm′Bm′m
Em −Em′ + iωn

{eiωmβeβ(Em−Em′) − 1}
= − 1

Z
∑

mm′
Amm′Bm′m

Em −Em′ + iωn
{±e−βEm′ − e−βEm}

= ∑
mm′
{ρm ∓ ρm′} Amm′Bm′m

Em −Em′ + iωn

= ∑
mm′

ρm { Amm′Bm′m
Em −Em′ + iωn

∓ Bmm′Am′m
Em′ −Em + iωn

} .

CAB(iω)
iωn → ω + iη ⇒ CAB(iωn)→ CR

AB(ω),
iωn → ω − iη ⇒ CAB(iωn)→ CA

AB(ω).
{∣n⟩} Ĥ

Ĥ0 V̂

Ĥ = Ĥ0 + V̂ .
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V̂

Â(τ)I = eτĤ0Âe−τĤ0 ,

Û(τ, τ ′)
Û(τ, τ ′) = eτĤ0e−(τ−τ ′)Ĥe−τ ′Ĥ0 .

0 < τ < β

Â B̂ Û

CAB(τ) = − 1
Z

Tr e−βĤeτĤÂe−τĤB̂

= − 1
Z

Tr ↑
e−βĤ0eβĤ0

e−(β−τ)Ĥ ↑
e−τĤ0eτĤ0

Â ↑
e−τĤ0eτĤ0

e−τĤB̂

= − 1
Z

Tr e−βĤ0Û(β, τ)Â(τ)IÛ(τ,0)B̂.

Z = Tr e−βĤ = Tr e−βĤ0Û(β,0).
Û

Û
Tτ

Û(β, τ)Â(τ)IÛ(τ,0)B̂ = Tτ Û(β, τ)Û(τ,0)Â(τ)IB̂ = Tτ Û(β,0)Â(τ)IB̂.

V̂

⟨Â⟩0 = Tr ρ̂0Â = 1
Z0

Tr e−βĤ0Â,

Z0 = Tr e−βĤ0 ,

CAB(τ) = −⟨Tτ Û(β,0)Â(τ)IB̂⟩0⟨Tτ Û(β,0)⟩0 = −⟨Tτ Ŝ(β)Â(τ)IB̂⟩0⟨Tτ Ŝ(β)⟩0 ,

Ŝ(τ)
Ŝ(τ) ≡ Û(τ,0).

⟨. . .⟩0 V̂
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Ŝ

∂τ Ŝ(τ) = ∂τ Û(τ,0) = ∂τ (eτĤ0e−τĤ) = eτĤ0(Ĥ0 − Ĥ)e−τĤ = −V̂ (τ)I Ŝ(τ),
Ŝ(0) = 1

Ŝ(τ) = 1 − ˆ τ

0
dτ ′ V̂ (τ ′)I Ŝ(τ ′).

Ŝ(τ) = 1 − ˆ τ

0
dτ1 V̂ (τ1)I +

ˆ τ

0
dτ1 V̂ (τ1)I

ˆ τ1

0
dτ2 V̂ (τ2)I + . . .

= ∞∑
n=0
(−1)n

n!

ˆ τ

0
dτ1⋯

ˆ τ

0
dτn Tτ V̂ (τ1)I ⋯ V̂ (τn)I ,

Ŝ(τ) = Tτ exp(−ˆ τ

0
dτ ′ V̂ (τ ′)I) .

Ŝ

CAB(τ) = −⟨Tτe
− ´ β

0 dτ ′ V̂ (τ ′)I Â(τ)IB̂⟩0
⟨Tτe−

´ β
0 dτ V̂ (τ)I ⟩0 .

V̂

2I1I, ]@*G)*::*0+ $%+4#@_/%

V̂ Â B̂

V̂ =∑
nm

Vnmanam, Â =∑
nm

Anmanam, B̂ =∑
nm

Bnmanam.

⟨Tτξ1(τ1)I ⋯ ξn(τn)I⟩0 ξ(τ)I = eτĤ0ξe−τĤ0 ξ

⟨Tτξ1(τ1)I ⋯ ξn(τn)I⟩0 = ∑Pin

(±1)Pin ⟨Tτξi1(τi1)Iξi2(τi2)I⟩0⋯ ⟨Tτξin−1(τin−1)Iξin(τin)I⟩0,

Pin in Pin

ξ(τ)
∝ ⟨anam⟩0

−⟨Tτan(τ)Iam(τ ′)I⟩0 = τ
′
m τn
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n V̂

CAB(τ) = − ∞∑′
n=0 (−1)

n
ˆ β

0
dτ1⋯

ˆ β

0
dτn ⟨Tτ V̂ (τ1)I ⋯ V̂ (τn)IÂ(τ)IB̂⟩0,

Â B̂ ĵ

Παβ(q, τ) = − ∞∑′
n=0 (−1)

n
ˆ β

0
dτ1⋯

ˆ β

0
dτn ⟨Tτ V̂ (τ1)I ⋯ V̂ (τn)I ĵα(q, τ)I ĵβ(−q,0)⟩0.

Παβ(q, τ)
ĵq V̂

ĵα(q) =

k

k− q

ĵq = e

2m
∑
kσ

(2k − q)ak−q,σakσ,

V̂ =∑
σ
∑
kq

Ni∑
j=1 e−iq⋅Rj vq ak+q,σakσ.

gkσ,k′σ′(τ, τ ′) = −⟨Tτakσ(τ)Iak′σ′(τ ′)I⟩0.
⟨. . .⟩0 Ĥ0{∣kσ⟩}

gkσ,k′σ′(τ, τ ′) = gkσ,kσ(τ, τ ′)δkk′δσσ′
gkσ,kσ(τ, τ ′) τ − τ ′

gkσ,kσ(τ, τ ′) = − 1
Z0

Tr [e−βĤ0eτĤ0akσe−τĤ0eτ
′Ĥ0akσe−τ ′Ĥ0]

= − 1
Z0

Tr [e−βĤ0e(τ−τ ′)Ĥ0akσe−(τ−τ ′)Ĥ0akσ] = gkσ,kσ(τ − τ ′).
gkσ,kσ(τ − τ ′)

gkσ,kσ(τ − τ ′) = 1
β
∑
iωn

e−iωn(τ−τ ′)gkσ,kσ(ωn), gkσ,kσ(ωn) =
ˆ β

0
dτ eiωnτgkσ,kσ(τ).

ωn −ωm
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exp[i(ωn − ωm)β] = 1 τi
δ

1
β

ˆ β

0
dτ ei(ωn−ωm)τ = 1

β
[ei(ωn−ωm)τ 1

i(ωn − ωm)] ∣
τ=β
τ=0
= δωnωm .

(q, iωn)
Παβ(q, iωn)

iωn

Παβ(q, iωn) =

+

+

+ + +

++

+ . . .

iωn,q iωn,q

ipn,kσ

i(ωn + pn)

k + q, σ

ĵα ĵβ

2I1I2 `)%%#a& 6/#+0"#&

G(τ) = −⟨Tτakσ(τ)Hakσ⟩, G0(τ) = −⟨Tτakσ(τ)Iakσ⟩0.

G0(τ)
G0(τ) = gkσ,kσ(τ)

{akσ, a
k′σ′} = δkk′δσσ′ , {akσ, ak′σ′} = 0, {akσ, a

k′σ′} = 0.

G(τ)
akσ(τ)

∂τakσ(τ)H = ∂τ (eτĤakσe−τĤ) = eτĤ[Ĥ, akσ]e−τĤ = [Ĥ, akσ](τ)H .

τ
δ

∂τG(τ) = −∂τ [Θ(τ)⟨akσ(τ)Hakσ⟩ −Θ(−τ)⟨akσakσ(τ)H⟩]
= −δ(τ)⟨akσakσ + akσakσ⟩ − ⟨Tτ [Ĥ, akσ](τ)Hakσ⟩.
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[Ĥ, akσ](τ)H
G0(τ) Ĥ0 = ∑kσ εkakσakσ

[ÂB̂, Ĉ] = ÂB̂Ĉ + ÂĈB̂ − ÂĈB̂ − ĈÂB̂ = Â{B̂, Ĉ} − {Â, Ĉ}B̂
[Ĥ0, akσ] = −εkakσ

G0(τ)
∂τG0(τ) = −δ(τ) − εkG0(τ) ⇔ −iωnG0(iωn) = −1 − εkG0(iωn).

G0(iωn)
G0(iωn) = 1

iωn − εk ⇒ GR/A
0 (ω) = 1

ω − εk ± iη
.

G0(τ). G0(iω)

2I; -:=/)@$5 *U%)*G@#G

Ni

Rj

⟨k′∣V̂ ∣k⟩ = V (k′ − k), V (q) = Ni∑
j=1 e−iq⋅Rj vq.

⟨. . .⟩c n V̂
n n

p p
1 ≤ p ≤ n p = 1

Rj

⟨Ni∑
j=1 e−iq⋅Rj⟩

c

≡ 1
V
ˆ

d3Rj

Ni∑
j=1 e−iq⋅Rj = Niδq,0.

δq=0 q = 0 n = 2 p = 1
n = 1 p = 2

Ni

Ni − 1

⟨∑
ij

e−iq1⋅Ri−iq2⋅Rj⟩
c

= ⟨∑
i=j e−i(q1+q2)⋅Rj⟩

c

+ ⟨∑
i≠j e−iq1⋅Ri−iq2⋅Rj⟩

c

= Niδq1+q2=0 +Ni(Ni − 1)δq1,0δq2,0.
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Ni ≫ 1 Ni(Ni−1) ≈ N2
i .

n

⟨ ∑
i1,.,in

e−i∑n
j=1 qj ⋅Rij ⟩

c

≈ Ni δ∑q
+N2

i δ∑q1
δ∑q2

+N3
i δ∑q1

δ∑q2
δ∑q3

+ . . . ,

q
δ∑q

v(r) = v0 δ(r) vq = v0/V

⟨V (q)⟩c = ni v0 δq,0.

Ni V ni⟨V (q)⟩c
⟨V (q1)V (q2)⟩c = n2

i v2
0 δq1,0δq2,0 + ni v

2
0 δq1+q2,0.

2I;I, P%>6[%#%)G5 6") `*/&&@*# .@&").%)

V̂
Â = akσ B̂ = akσ

ni δq=0
v0

G(iωn)
G0(iωn)

G(iωn)

+

+ + +

++=

+ + . . .

G0

G0

Σ(iωn) = ∑∞i=1Σ(i)(iωn)

= + + + + . . .Σ
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G0Σ(i)G0 G0Σ(i)G0Σ(j)G0

i, j, . . .

G = G0 +G0ΣG0 +G0ΣG0ΣG0 + . . . = G0 +G0Σ [G0 +G0ΣG0 + . . .]
= G0 +G0ΣG.

= + Σ ,

G(iωn) = 1
[G0(iωn)]−1 −Σ(iωn) =

1
iωn − εk −Σ(iωn) .

Σ(iωn) = = ni v0.

εk → εk − niv0

G(iωn) = 1
iωn − (εk + niv0) →

1
iωn − εk .

Σ(iωn) = 1
V ∑k niv

2
0G0(iωn) = 1

V ∑k
niv

2
0

iωn − εk .

2I? V/("[P$b%.* 6"):/>*

Παβ(k, iωn)
V̂

Παβ = +

+ + + +

++

+ . . .
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G0(iωn)
G(iωn)

= + + + + . . .

Παβ = + ++ + . . .

+ . . .++=

Παβ = + + . . .+

≡

= + ,

e(2k−q)/(2m)
q → 0 ĵα(q) → ev̂α

Παβ(iωn) = −e2 ⟨Tr
1
β
∑
ipn

v̂αG(ipn)v̂βG(ipn + iωn)⟩
c

.

Tr
G(z) z ∉ R

P (z, z + iωn) = −e2 ⟨Tr v̂αG(z)v̂βG(z + iωn)⟩c ,



4"= Q.G+VB&_)J% <+9,.-% 3A

ε

ε − iωn

C

C

iη z = ε z = ε−iωn

f(z)

Παβ(iωn) = 1
β
∑
ipn

P (ipn, ipn + iωn).
Παβ(z) z = ε z = ε − iωn Παβ(iωn)

I = ˆC dz f(z)P (z, z + iωn), f(z) = 1
eβz + 1

,

f(z) C ±iη z = ε
z = ε − iωn C
z = ipn P (z, z + iωn)

z f(z) −1/β
I

ˆ

C dz f(z)P (z, z + iωn) = 2πi∑
ipn

Res [f(z)P (z, z + iωn), ipn]
= −2πi

β
∑
ipn

P (ipn, ipn + iωn).
∣z∣ → ∞

±iη z = ε z = ε − iωn

Παβ(iωn) = −
ˆ

dε

2πi
Tr{f(ε) [P (ε + iη, ε + iωn) − P (ε − iη, ε + iωn)]
+f(ε − iωn) [P (ε − iω, ε + iη) − P (ε − iω, ε − iη)] }.

iωn → ω + iη f(ε − iωn) = f(ε)
ωn

Παβ(ω) = e2
ˆ

dε

2πi
f(ε)Tr ⟨v̂αGR(ε)v̂βGR(ε + ω) − v̂αGA(ε)v̂βGR(ε + ω)

+v̂αGA(ε − ω)v̂βGR(ε) − v̂αGA(ε − ω)v̂βGA(ε)⟩
c
.
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σαβ

σαβ = Re [lim
ω→0

−1
iω

Παβ(ω)] = − lim
ω→0

1
ω

ImΠαβ(ω).
Παβ(ω)

Παβ(ω) ≈ Παβ(0) + ∂

∂ω
Παβ(ω)∣

ω=0
ω +O(ω2).

GR(ε) GA(ε) Παβ(ω)

Παβ(0)∝
ˆ

dε

2πi
f(ε)2i ImGR(ε)GR(ε) ∈ R.

∂

∂ω
Παβ(ω)∣

ω=0
= e2
ˆ

dε

2πi
f(ε)Tr ⟨v̂αGR(ε)v̂β ∂

∂ε
GR(ε) − v̂αGA(ε)v̂β ∂

∂ε
GR(ε)

−v̂α ∂
∂ε

GA(ε)v̂βGR(ε) + v̂α
∂

∂ε
GA(ε)v̂βGA(ε)⟩

c
,

⟨. . .⟩∗ = ⟨. . .⟩ ⟨. . .⟩/(2πi)

σαβ = e2

2πV
ˆ

dεf(ε)Tr ⟨v̂αGR(ε)v̂β∂εGR(ε) − v̂αGA(ε)v̂β∂εGR(ε)
−v̂α∂εGA(ε)v̂βGR(ε) + v̂α∂εG

A(ε)v̂βGA(ε)⟩
c
.

σαβ = e2

4πV
ˆ

dε f(ε)Tr ⟨v̂αGR(ε)v̂β∂εGR(ε) − v̂αGA(ε)v̂β∂εGR(ε)
− v̂α∂εG

A(ε)v̂βGR(ε) + v̂α∂εG
A(ε)v̂βGA(ε)⟩

c

− e2

4πV
ˆ

dε f(ε)Tr ⟨v̂α∂εGR(ε)v̂βGR(ε) − v̂α∂εG
A(ε)v̂βGR(ε)

− v̂αGA(ε)v̂β∂εGR(ε) + v̂αGA(ε)v̂β∂εGA(ε)⟩
c

− e2

4πV
ˆ

dε∂εf(ε)Tr ⟨v̂αGR(ε)v̂βGR(ε) − v̂αGA(ε)v̂βGR(ε)
− v̂αGA(ε)v̂βGR(ε) + v̂αGA(ε)v̂βGA(ε)⟩

c

= − e2

4πV
ˆ

dε f(ε)Tr ⟨v̂α∂εGR(ε)v̂βGR(ε) − v̂αGR(ε)v̂β∂εGR(ε)
+ v̂αGA(ε)v̂β∂εGA(ε) − v̂α∂εG

A(ε)v̂βGA(ε)⟩
c

− e2

4πV
ˆ

dε∂εf(ε)Tr ⟨v̂αGR(ε)v̂βGR(ε) + v̂αGA(ε)v̂βGA(ε)⟩
c

− e2

4πV
ˆ

dε∂εf(ε)Tr ⟨ − 2v̂αGA(ε)v̂βGR(ε)⟩
c
.
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σαβ = σIa
αβ + σIb

αβ + σII
αβ .

∂εf(ε) = −δ(ε − εF )
σIa
αβ = − e2

2πV Tr⟨v̂αGA(εF )v̂βGR(εF )⟩c,
σIb
αβ = e2

4πV Tr⟨v̂αGR(εF )v̂βGR(εF ) + h.c.⟩c.
σIa
αβ σIb

αβ

σII
αβ = e2

4πV
ˆ ∞
−∞ dε f(ε)Tr⟨v̂αGR(ε)v̂β∂εGR(ε) − v̂α∂εG

R(ε)v̂βGR(ε) + h.c.⟩c.

σIb
αβ

2I?I, J%*Q .@&").%) >@:@$

ni

A(ω)
A(ω) ≡ i[GR(ω) −GA(ω)] = −2 ImGR(ω) = −2 Im

1
ω − εk −ΣR(ω) .

iη ΣR(ω)
ΣR(ω)

ni ∆ ≡ − ImΣR

ni → 0 ∆

A(ω) = −2 Im
1

ω − εk −ReΣR(ω) − i ImΣR(ω)
= 2∆
(ω − εk −ReΣR(ω))2 +∆2

→ 2πδ(ω − εk −ReΣR(ω)) ∆→ 0.

δ

A(ω) = i[GR(ω) −GA(ω)] = 2πδ(ω − εk).
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2I?I2 8@G%#&$*$% )%=)%&%#$*0"#

{∣k⟩}
GR(ω) = 1

ω − εk −ΣR(ω) ,
εk Ĥ0

n GR(ω)
eq k{∣nk⟩} [H0(k)]nm = ⟨nk∣Ĥ0∣mk⟩

GR
eq(ω) = 1

ω −H0(k) −ΣR
eq(ω) .

U H0

εk = U (k)H0(k)U(k) =
⎛⎜⎜⎜⎝
ε1k 0

⋱
0 εNk

⎞⎟⎟⎟⎠
.

ε1k, . . . , εNk Ĥ0(k)
Ĥ0(k) U U

GR
0,c(ω) = U GR

0,eq(ω)U =∑
n

Sn

ω − εnk + iη
,

[Sn]ij = δijδin
ΣR

d
ΣR

nd

ΣR
c (ω) ≡ U ΣR

eq(ω)U = ΣR
d (ω) +ΣR

nd(ω).

εnk → εnk + ReΣR
eq

GR
0 GR

0,eq

ΣR
eq(ω) = i ImΣR

eq(ω) = niv
2
0V ∑

k

ImGR
0,eq(ω) = niv

2
0V ∑

k

Im [UGR
0,c(ω)U ]

= niv
2
0V ∑

k

1
2i

[UGR
0,c(ω)U −UGA

0,c(ω)U ]
= niv

2
0V ∑

k

U Im [GR
0,c(ω)]U .

1
x ± iη

= P (1
x
) ∓ iπδ(x),
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P ( 1
x)
ΣR

eq(ω) = −iπniv
2
0V ∑

nk

USnU δ(ω − εnk), ImΣR
eq(ω) = −niv

2
0γ(ω).

γ(ω)
γ(ω) = πV ∑nk

USnU δ(ω − εnk).

GR
d (ω) =∑

n

Sn

ω − εnk − i ImΣR
d,n(ω) , ∂ωGR

d (ω) =∑
n

−Sn(ω − εnk − i ImΣR
d,n(ω))2 ,

ΣR
d,n = [ΣR

d ]nn [AB]−1 = B−1A−1 U

GR
d

GR
c (ω) = U GR

eq(ω)U = [U (ω − Ĥ0(k) −ΣR
eq(ω))U]−1 = [ω − εk −ΣR

c (ω)]−1
= [(GR

d (ω))−1 −ΣR
nd(ω)]−1 = [(GR

d (ω))−1 [1 −GR
d (ω)ΣR

nd(ω)]]−1
= [1 −GR

d (ω)ΣR
nd(ω)]−1 GR

d (ω)
= GR

d (ω) +GR
d (ω)ΣR

nd(ω)GR
d (ω) + . . .

GR
c (ω)

ΣR
nd(ω)

2I?I1 ]%)@U*0"# "6 @#$)@#&@+ +"#$)@(/0"#

σint
αβ = e2

2πV ∑k
ˆ

dε f(ε)Tr{v̂α[GR
eq(ε) −GA

eq(ε)]v̂β∂εGR
eq(ε)

−v̂α∂εGA
eq(ε)v̂β[GR

eq(ε) −GA
eq(ε)]}.

vα = Uvc,αU

GR/A
eq = UGR/A

c U ≈ UGR/A
d U +O(ΣR/A

nd ).

σint
αβ = e2

2πV ∑k
ˆ

dε f(ε)2ReTr{v̂c,α[GR
d (ε) −GA

d (ε)]v̂c,β∂εG
R
d (ε)}

= e2

2πV ∑k
ˆ

dε f(ε)2ReTr{v̂c,α(−2πi)∑
n

Snδ(ε − εnk)v̂c,β∂εG
R
d (ε)} .
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Re(iz) = − Im z

ReTr{v̂c,α(−2πi)∑
n

Snδ(ε − εnk)v̂c,β∂εG
R
d (ε)}

= 2π ImTr{v̂c,α∑
n

Snδ(ε − εnk)v̂c,β∂εG
R
d (ε)}

= −2π ImTr
⎧⎪⎪⎨⎪⎪⎩v̂c,α∑

n
Snδ(ε − εnk)v̂c,β∑

m

Sm(ε − εmk −ΣR
d,m(ε))2

⎫⎪⎪⎬⎪⎪⎭
ni

σint
αβ = −2e2 Im

1
V ∑k ∑nm

Tr{f(εnk) v̂c,αSnv̂c,βSm(εnk − εmk)2 }

Tr v̂c,αSnv̂c,βSm =∑
a,b
∑
c,d

⟨a∣v̂c,α∣b⟩⟨b∣Sn∣c⟩⟨c∣v̂c,β ∣d⟩⟨d∣Sm∣a⟩
=∑

a,b
∑
c,d

⟨a∣v̂c,α∣b⟩ δbcδbn ⟨c∣v̂c,β ∣d⟩ δdaδdm

= ⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩

σint
αβ = −2e2 Im

1
V ∑k ∑nm

f(εnk)⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩
(εnk − εmk)2 .

σint
αβ = −2e2 1

2i

1
V ∑k ∑nm

f(εnk)⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩ − ⟨m∣v̂c,β ∣n⟩⟨n∣v̂c,α∣m⟩
(εnk − εmk)2

= −2e2 1
2i

1
V ∑k ∑nm

[f(εnk) − f(εmk)] ⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩
(εnk − εmk)2

T → 0
f(εnk) − f(εmk)

f(εnk) − f(εmk) =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1, n ∈ m ∈
−1, n ∈ m ∈
0,

σint

σint
αβ = −2e2 1

2i

1
V ∑k {occ∑

n

emp∑
m

⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩
(εnk − εmk)2 − occ∑

n

emp∑
m

⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩
(εnk − εmk)2 }

= −2e2 1
2i

1
V ∑k

occ∑
n

emp∑
m

⟨m∣v̂c,α∣n⟩⟨n∣v̂c,β ∣m⟩ − ⟨n∣v̂c,α∣m⟩⟨m∣v̂c,β ∣n⟩(εnk − εmk)2
= 2e2 Im

1
V ∑k

occ∑
n

emp∑
m

⟨n∣v̂c,α∣m⟩⟨m∣v̂c,β ∣n⟩(εnk − εmk)2 .
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2I?I; ]%)@U*0"# "6 &@.% T/:= +"#$)@(/0"#

σαβ = e2

2πV ∑k
ˆ

dε∂εf(ε)Tr{v̂αGA
eqv̂βGR

eq − 1
2
(v̂αGR

eqv̂βGR
eq + v̂αGA

eqv̂βGA
eqv̂β)}

= e2

2πV ∑k
ˆ

dε∂εf(ε)ReTr{v̂αGA
eqv̂βGR

eq − v̂αGR
eqv̂βGR

eq}

GR/A
c = GR/A

d +GR/A
d ΣR/A

nd GR/A
d + . . .

σαβ = e2

2πV ∑k
ˆ

dε∂εf(ε)ReTr{v̂c,α (GA
d −GR

d ) v̂c,βGR
d Σ

R
ndG

R
d }

= −e2

V ∑k ReTr{iv̂c,α∑
n

Snδ(εF − εnk)v̂c,βGR
dΣ

R
ndG

R
d } = −e2

V ∑k ReTrΞ,

Ξ = i∑
n
∑

mm′
v̂c,αSnδ(εF − εnk)v̂c,β

Sm

εnk − εmk − i ImΣR
d,m

ΣR
nd

Sm′
εnk − εm′k − i ImΣR

d,m′

Sn

[ASnB]ij =∑
ab

Aia[Sn]abBbj =∑
ab

AiaBbjδabδna = AinBnj ,

[SnASm]ij =∑
ab

[Sn]iaAab[Sm]bj =∑
ab

δiaδniAabδbjδmb = Aijδinδmj = Anmδinδmj .

Sn n A n
B Ξ

ΣR
nd Sm Sm′

[SmΣR
ndSm′]ij = [ΣR

nd]mm′δimδjm′ .

ΣR
nd m = m′
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O(n0
i ) Ξ n = m n = m′

ni → 0

Ξ = i ∑
n≠m v̂c,αSnδ(εF − εnk)v̂c,β

Sn−i ImΣR
d,n

ΣR
nd

Sm

εnk − εmk − i ImΣR
d,m

+ i ∑
n≠m v̂c,αSnδ(εF − εnk)v̂c,β

Sm

εnk − εmk − i ImΣR
d,m

ΣR
nd

Sn−i ImΣR
d,n

.

ΣR
nd ΣR

c

ΣR
c = U ΣR

eqU = iU [ImΣR
eq]U = −iniv

2
0U γU.

n ≠m [ΣR
nd]nm [ΣR

c ]nm

n m [ΣR
c ]nn = [ΣR

d ]nn

[SnΣR
ndSm]ij = ([ΣR

c ]nm − [ΣR
d ]nmδnm) δinδjm

= [SnΣR
c (1 − Sn)Sm]ij = [Sn(1 − Sm)ΣR

c Sm]ij .
ni → 0

Ξ =∑
nm

v̂c,αSnδ(εF − εnk)v̂c,β
−Sn ImΣR

c−i Im[ΣR
c ]nn

⋅ (1 − Sn)Sm

εnk − εmk

+∑
nm

v̂c,αSnδ(εF − εnk)v̂c,β
Sm(1 − Sn)
εnk − εmk

⋅ − ImΣR
c Sn−i Im[ΣR
c ]nn

.

Sn SnSn = Sn⟨n∣v̂c,α∣n⟩ = ∂kαεnk

σαβ = e2

V ∑k ReTr∑
n
δ(εF − εnk)Sn∂kβ

εnk
γc[γc]nn
(1 − Sn)i∑

m

Smv̂c,α

εnk − εmk

− e2

V ∑k ReTr∑
n
δ(εF − εnk)∂kαεnkSni∑

m

v̂c,βSm

εmk − εnk
(1 − Sn) γc[γc]nn

.

[Aβ]ij ≡ i∑
m

[v̂c,βSm]ij
εmk − εik = i∑

m

[v̂c,β]imδmj

εmk − εik = i
[v̂c,β]ij
εjk − εik .

[iSn∑
m

v̂c,βSm

εmk − εnk
]
ij

= i∑
m

[v̂c,βSm]nj

εmk − εnk
δin = [SnAβ]ij ,

[i∑
m

Smv̂c,α

εnk − εmk
Sn]

ij

= i∑
m

[Smv̂c,α]in
εnk − εmk

δnj = i∑
m

[v̂c,α]mn

εnk − εmk
δnjδim = i

[v̂c,α]in
εnk − εik δnj

= i∑
m

[v̂c,α]im
εmk − εik δmnδnj = i∑

m

[v̂c,αSm]in
εmk − εik δnj = [AαSn]ij ,
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σαβ = e2

V ∑nk

ReTr δ(εF − εnk){∂εnk

∂kβ

γc[γc]nn
(1 − Sn)AαSn − ∂εnk

∂kα
SnAβ(1 − Sn) γc[γc]nn

} .

[(1 − Sn)AαSn]ij = [Aα]inδnj − δin[Aα]nnδnj = [Aα]ijδnj(1 − δij),[SnAβ(1 − Sn)]ij = [Aβ]njδin − δin[Aβ]nnδnj = [Aβ]ijδin(1 − δij).
[Aα]ii = 0

δ[6/#+0"# *& * G)*.@%#$

S(εn) n⊥

n⊥ = ∇kεn(k)∣∇kεn(k)∣ ,
k−

d3k = dS n⊥ ⋅ dk⊥ = dS
∇kεn(k)∣∇kεn(k)∣ ⋅ dk⊥ = dS

1
∣∇kεn(k)∣dεn(k).

δ

ˆ

d3k δ(EF − εn(k)) =
ˆ

S(EF )
dS

∣∇kεn(k)∣ .

2I?I? c%)$%B +"))%+0"#&

≈

ṽα
v̂α δṽα

= +

ṽα = v̂α + δṽα,
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= + + + . . .

= +

δṽα(z, z′) = niv
2
0V ∑

k

G(z)v̂αG(z′) + niv
2
0V ∑

k

G(z)δṽα(z, z′)G(z′)

GR/A
eq = UGR/A

c U , GR/A
c ≈ GR/A

d

δṽα
niv2

0

=∑
k

UGR
d U (δṽα + v̂α)UGA

d U

= 1
V ∑nm

∑
k

U
Sn

ωF − ωn − i[ImΣR
d ]nn

U (δṽα + v̂α)U Sm

ωF − ωm + i[ImΣR
d ]mm

U

O(1/(niv
2
0)) n =m

1
ωF − ωn − i[ImΣR

d ]nn
⋅ 1
ωF − ωn + i[ImΣR

d ]nn
=

= 1
2 Im[ΣR

d ]nn
⋅ 2 Im[ΣR

d ]nn(ωF − ωn)2 + [ImΣR
d ]2nn

→ πδ(ωF − ωn)
Im[ΣR

d ]nn
,

δṽα
niv2

0

=∑
n

ˆ

d3k

(2π)3 USnU δ(ωF − ωn)(δṽα + v̂α) USnU π

niv2
0[γc]nn

=∑
n

ˆ

d3k

(2π)2
δ(εn − εF )[USnU δṽαUSnU +USnU ∂εn

∂kα
]

2[γc]nnniv2
0

δṽα
∂εn
∂kα

k −k
k δṽα = 0
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1I,I, V"4#[P4*: %_/*0"#&

N M Z

Htot = N∑
i=1

p2
i

2m
+ M∑

I=1
p2

I

2MI
− N∑

i=1
M∑
I=1

ZIe
2

∣ri −RI ∣ +
1
2∑i≠j

e2

∣ri − rj ∣ +
1
2 ∑I≠J

ZIZJe2

∣RI −RJ ∣ .
N +M r

R N +M O(1023)
∝ 104

{ri} {RI}
H

H
M {RI}

H = N∑
i=1

p2
i

2m
− N∑

i=1
M∑
I=1

ZIe
2

∣ri −RI ∣ +
1
2∑i≠j

e2

∣ri − rj ∣ +
1
2 ∑I≠J

ZIZJe2

∣RI −RJ ∣
= N∑

i=1 Ti + N∑
i=1 V (ri) + 1

2∑i≠j W (ri, rj) +C.

ML
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{RI}
n(r) Ψ(r1, . . . , rN)

N

n(r) = ⟨Ψ∣∑
i

δ(r − ri)∣Ψ⟩
= ˆ d3r1⋯

ˆ

d3rN Ψ∗(r1, . . . , rN)∑
i

δ(r − ri)Ψ(r1, . . . , rN).

n(r)
E{n(r)}

E{n(r)} = ⟨Ψ∣H ∣Ψ⟩ = T{n(r)} + V {n(r)} +W{n(r)} +C.

{RI} C

V {n(r)} =∑
i

⟨Ψ∣V (ri)∣Ψ⟩ =
ˆ

d3r
N∑
i=1 V (r)⟨Ψ∣δ(r − ri)∣Ψ⟩ =

ˆ

d3r V (r)n(r),
T{n(r)} W{n(r)} n(r)

W{n(r)}
WH{n(r)} W /H{n(r)}

en(r)
W{n(r)} = 1

2∑i≠j⟨Ψ∣W (ri, rj)∣Ψ⟩ =WH{n(r)} +W /H{n(r)}
= e2

2

ˆ

d3r

ˆ

d3r′ n(r)n(r′)∣r − r′∣ +W /H{n(r)}.
n(r)

(− 1
2m
∇2 + Vs(r))ψi(r) = εiψi(r).

ψi(r)
r ∣ψi(r)∣2

n(r) = N∑
i=1 ∣ψi(r)∣2.

Ts{n(r)} = − 1
2m

N∑
i=1
ˆ

d3r ψ∗i (r)∇2ψi(r).
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Ts{n(r)}
Ex{n(r)}

W{n(r)} Ts{n(r)} T{n(r)}
Ex{n(r)} = [T{n(r)} − Ts{n(r)}] + [W{n(r)} −WH{n(r)}].

E{n(r)} = − 1
2m

N∑
i=1
ˆ

d3r ψ∗i (r)∇2ψi(r) +
ˆ

d3r V (r)n(r) + 1
2 ∑I≠J

ZIZJe2

∣RI −RJ ∣
+ e2

2

ˆ

d3r

ˆ

d3r′ n(r)n(r′)∣r − r′∣ +Ex{n(r)}.
E{n(r)} n(r)

ψ∗i

δψ∗i
⎡⎢⎢⎢⎢⎣E{n(r)} −

N∑
j=1 εj (

ˆ

d3r ∣ψj ∣2 − 1)⎤⎥⎥⎥⎥⎦ = 0.

ψi(r)
[− 1

2m
∇2 + V (r) + ˆ d3r′ e2

∣r − r′∣n(r′) +
δEx{n(r)}
δn(r) ]ψi(r) = εiψi(r).

ψi(r)

Vs(r) = V (r) + ˆ d3r′ e2

∣r − r′∣n(r′) +
δEx{n(r)}
δn(r) .

Vs(r)
Vs(r) n(r) ψi(r)

Vs(r) ψi(r)
Vs(r)

n(r)

ψi(r) εi

ψi(r) ñ(r) = ∑i ∣ψi(r)∣2
n(r) ñ(r) n(r)→ ñ(r)

n0(r) = n(r) E{n0(r)}
εi ψi(r)

n(r)
εi
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1I,I2 X>*#%[R*U% (*&@& &%$

Vs(r)
s

(− 1
2m
∇2 + V (r))ψ(r) = εψ(r).

V (r)
R V (r +R) = V (r) Vs(r)

G
exp(iG ⋅R) = 1

V (r) =∑
G

eiG⋅rVG,

VG = 1
V
ˆ

d3r e−iG⋅rV (r).

V →∞

ψ(r) =∑
k

ckeik⋅r.

− 1
2m
∇2ψ(r) =∑

k

k2

2m
ckeik⋅r,

V (r)ψ(r) =∑
G
∑
k

ei(G+k)⋅rVGck =∑
G
∑
q

eiq⋅rVGcq−G.

q k

∑
k

k2

2m
ckeik⋅r +∑

G
∑
k

eik⋅rVGck−G =∑
k

εckeik⋅r.

e−ik′⋅r V
δk,k′

k2

2m
ck +∑

G

VGck−G = εck.
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k G
k

k k
k

n ψ

ψnk(r) =∑
G

ck−Gei(k−G)⋅r = eik⋅runk(r),

unk(r) =∑
G

cn,k−Ge−iG⋅r.

unk(r) exp(iG ⋅R) = 1

unk(r +R) =∑
G

cn,k−Ge−iG(r+R) =∑
G

cn,k−Ge−iGr = unk(r).
∝ (k+G)2

Emax

(k +G)2 ≤ Emax.

Emax

1I,I1 dD'XJ:%$4".

ψnk(r) k n
φm(k, r)

ψnk(r) =∑
m

cnm(k)φm(k, r).
cnm ψnk(r)
φm(k, r) = exp[i(k +Gm) ⋅ r]
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φm(k, r) ψnk

φm′(k, r) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
ei(k+Gm′)⋅r, ,

∑lm [Am′
lm(k)ϕl(r) +Bm′

lm(k)ϕ̇l(r)]Ylm(r̃),
Ylm(r̃) r̃ = r/r ϕ̇l(r)

ϕl(r) εl

{− 1
2m
∇2 + 1

2m

l(l + 1)
r2

+ V (r) − εl} rϕl(r) = 0,

V (r) V (r) Am′
lm Bm′

lm
ϕm(k, r) ∇ϕm(k, r)

ψnk

1I2 F*&@& &%$&

1I2I, F>"+4 6/#0"#&

∣unk⟩

∣ψnk⟩ = eik⋅r̂∣unk⟩.
V

⟨ψnk∣ψnk⟩ ≡
ˆ

V d3r ψ∗nk(r)ψnk(r) = 1.

⟨ψnk∣ψmk′⟩ = δnmδkk′ , 1 =∑
nk

∣ψnk⟩⟨ψnk∣.
k

⟨ψnk∣ψmk⟩ = ⟨unk∣umk⟩ != δnmδkk ⇒ ⟨unk∣umk⟩ = δnm.
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⟨unk∣umk′⟩ ≠ δkk′δnm.

n k

Ĥ ∣ψnk⟩ = εnk∣ψnk⟩, Ĥ = p̂2

2m
+ V (r̂) = − 1

2m
∇2 + V (r̂).

∣ψnk⟩ ∣unk⟩
e−ik⋅r̂Ĥeik⋅r̂∣unk⟩ = εnk∣unk⟩.

Ô(k) ≡ e−ik⋅r̂Ôeik⋅r
εnk Ĥ(k)

Ĥ(k) = e−ik⋅r̂Ĥeik⋅r̂ = − 1
2m

e−ik⋅r̂∇ (ikeik⋅r̂ + eik⋅r̂∇) + V (r̂)
= − 1

2m
e−ik⋅r̂ (−k2eik⋅r̂ + 2ikeik⋅r̂∇+ eik⋅r̂∇2) + V (r̂) = k2

2m
+ k ⋅ v̂ + Ĥ.

v̂ = p̂/m = −i∇/m
v̂(k) = e−ik⋅r 1

mi
∇eik⋅r = e−ik⋅r 1

mi
(ikeik⋅r + eik⋅r∇) = k

m
+ v̂ = ∇kĤ(k).

vnm,α ≡ ⟨ψnk∣v̂α∣ψmk⟩ = ⟨unk∣v̂α(k)∣umk⟩ = ⟨unk∣∇kαĤ(k)∣umk⟩.
k

∇kεnk = ∇k⟨unk∣Ĥ(k)∣unk⟩ = ⟨unk∣∇kĤ(k)∣unk⟩ + εnk∇k⟨unk∣umk⟩,-------------------------------.-------------------------------/=0
.

{∣unk⟩}
εnk vnn,α = ∇kαεnk

1I2I2 J*##@%) 6/#+0"#&

ψnk

∣WnR⟩ = 1√
N
∑
k

e−ik⋅R∣ψnk⟩.
N k ∣WnR⟩ R
n
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N R R = 0

⟨WnR∣WmR′⟩

⟨WnR∣WmR′⟩ = 1
N
∑
kk′

eik⋅Re−ik′⋅R′⟨ψnk∣ψmk′⟩ = δnm
1
N
∑
k

eik⋅(R−R′) = δnmδRR′ .

exp[iϕ(k)]

∣ψnk⟩→ eiϕ(k)∣ψnk⟩.
εnk = ⟨ψnk∣Ĥ ∣ψnk⟩

Ω

Ω ≡∑
n
⟨Wn0∣r̂2∣Wn0⟩ − ⟨Wn0∣r̂∣Wn0⟩2.

k

∣ψnk⟩→∑
m
Umn(k)∣ψmk⟩.

U(k)

Ω U(k)

⟨unk∣um,k+b⟩
k k + b

M

Emin < εF < Emax

Emin Emax

εF Emax ≈ εF + 10
M

M
M ≥ Nk Nk

k
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 Γ H P N  Γ
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ε
−

ε
F
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eV
)

k
M = 36

M ×M
tnm(R) 8 × 8 × 8

k
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σint
αβ = 2e2 Im

1
V ∑k

occ.∑
n

emp.∑
m

⟨n∣v̂c,α∣m⟩⟨m∣v̂c,β ∣n⟩(εnk − εmk)2 ,

σsj
αβ = e2

V ∑nk

ReTr{δ(εF − εnk) [∂εnk

∂kβ

γc[γc]nn
(1 − Sn)AαSn − (α↔ β)]} .

n m
γc = U γU

γ(ω) = πV ∑nk

USnU δ(ω − εnk),
U

[U H(k)U]nm = εnkδnm,

Sn [Sn]ij = δijδin

[Aα]ij = i
[v̂c,β]ij
εjk − εik ,

[vc,α]nm = [U vαU]nm v̂α = ∇kαĤ

εnk k k
σint σsj

εnk

k

=L
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{q} {k}

k

;I2 J*##@%) @#$%)=">*0"# &+4%:%

Ô N q

⟨ψnq∣Ô∣ψmq⟩ = ⟨unq∣e−iq⋅r̂Ôeiq⋅r̂∣umq⟩ = ⟨unq∣Ô(q)∣umq⟩,
k

Hnm(q) = ⟨ψqn∣Ĥ ∣ψqm⟩ = ⟨uqn∣Ĥ(q)∣uqm⟩ = εnqδnm,

εnq

∣ψ(W)nq ⟩
∣ψ(W)nq ⟩ =∑

m
Umn(q)∣ψmq⟩,

∣WnR⟩ = 1√
N
∑
q

e−iq⋅R∣ψ(W)nq ⟩.

H(W)nm (q) = ⟨u(W)qn ∣Ĥ(q)∣u(W)qm ⟩ = ∑
m′m′′

U∗m′n(q)⟨ψm′q∣Ĥ ∣ψm′′q⟩Um′′m(q)
= [U(q) H(q)U(q)]nm.

tnm(R) ≡ ⟨W0n∣Ĥ ∣WmR⟩
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H(W)nm (R) = 1
N
∑
q

e−iq⋅RH(W)nm (q) = 1
N
∑
q

e−iq⋅R⟨u(W)nq ∣Ĥ(q)∣u(W)mq ⟩
= 1

N2∑
q
∑
R′
∑
R′′

e−iq⋅Re−iq⋅(R′−R′′)⟨WnR′ ∣eiqr̂e−iqr̂Ĥeiqr̂e−iqr̂∣WmR′′⟩
= 1

N
∑
R′
∑
R′′
δR+R′−R′′,0⟨WnR′ ∣Ĥ ∣WmR′′⟩

= 1
N
∑
R′
⟨WnR′ ∣Ĥ ∣Wm,R′+R⟩ = 1

N
⟨Wn0∣Ĥ ∣WmR⟩∑

R′
1 = ⟨Wn0∣Ĥ ∣WmR⟩,

q k

H(W)nm (k) =∑
R

eik⋅RH(W)nm (R) =∑
R

eik⋅Rtnm(R).
Ô

O(W)nm (k) =∑
R

eik⋅RO(W)nm (R)
H(W)(k) k M ×M

U

H(H)nm (k) ≡ [U (k)H(W)(k)U(k)]nm = ε(H)nk δnm

Ô
U

O(H)nm (k) = [U (k)O(W)(k)U(k)]nm
, O(H)nm (q) = ⟨ψnq∣Ô∣ψmq⟩.

ε(H)nk ε(H)nq

;I2I, -#$%)=">*0"# "6 7*:@>$"#@*#

H(W)nm (k) =∑
R

eik⋅R⟨Wn0∣Ĥ ∣WmR⟩.

H(W)nm (k)

∂kαH(W)nm (k) =∑
R

iRαeik⋅R⟨Wn0∣Ĥ ∣WmR⟩.
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[vc,α]nm → [U ∂αH(W)U]nm = H̄(H)nm,α,

Ō(H) = U O(W)U
v̂α = ∂kαĤ

k {∣unk⟩} Unm(k) = ⟨u(W)nk ∣u(H)mk ⟩

v(H)nm,α = H̄(H)nm,α − i(ε(H)m − ε(H)n ) Ā(H)nm,α,

A(W)nm,α(k) = i⟨u(W)nk ∣∂αu(W)mk ⟩

;I1 '.*=0U% ()"*.%#@#G

δ
w

f(ε) = 1√
2πw2

e− (ε−εF )2
2w2

∆k ∆εnk

∆εnk ≈ ∣∂εnk

∂k
∣∆k, wnk = cw ∣∂εnk

∂k
∣∆k,

cw

w
cw w

k

cw

k

f(εnk) Dn(ε)
1
V ∑k f(εnk)→ 1

(2π)3
ˆ

d3k f(εnk) != ˆ dεDn(ε)f(ε).
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w cw

w cw

0.01 0.05 0.1 0.8 1 1.2
3 366 371 266 277 259 247
3 137 144 144 147 144 142
3 111 118 126 122 122 121
3 110 113 121 115 115 115
3 110 110 121 112 112 112
3 110 110 120 111 111 111

3

3

3

3

3

f(εnk) = δ(εnk−εF )
1
V ∑nk

δ(εF − εnk) =∑
n

ˆ

dεDn(ε)δ(εF − ε) =∑
n

Dn(εF ).

≈ ≈ ≈
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σint σsj

σint

σsj

σint + σsj

σsj

σint

σint σsj σint +σsj

c ab

σint σint

σsj σsj

σint + σsj σint + σsj

W=
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0

σint σsj σint +σsj

σint σint

σsj σsj

σint + σsj σint + σsj

c σint

ab σsj

σint

σint

σsj

σsj

c ab

?I2 d%))":*G#%0+ *>>"5& d%X. *#. d%X$

0

σint+σsj

0

Ms

σsj
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J
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J
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σint − −
−

σint

U σint
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U
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U

U U = 1.9 J = 1.2
U J

J = U U = 1.9
J = 1.1 σint + σsj = −

U µB

U
U J U = 0

J = 0
σint

σsj

U
U = 1.9 J = 1.2
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r = AR,

k = BK.

A = (p1,p2,p3)
BT = 2πA−1

k ⋅ r = (BK)T (AR) =KT BT AR = 2πK ⋅R

'I2 F)@>>"/@# g"#%&

k

2π/a

Γ

AL
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k

2π/a

Γ

k

2π/(a√3)
c/a =√8/3 ≈ 1.633

√
3√
3

−√3
−√3 −1

−2 √
3 ⋅ a/c

−√3 ⋅ a/c

Γ
1/2 ⋅√3 ⋅ a/c

2/3 ⋅√3 1/2 ⋅√3 ⋅ a/c
2/3 ⋅√3
1/2 ⋅√3 1/2 ⋅√3 ⋅ a/c
1/2 ⋅√3
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